Abstract. In this paper, we identify a minimum width rectangular annulus that encloses a given set of n points in a plane. We propose an O(n 2 log n) time and O(n) space algorithm for this problem. To the best of our knowledge this is the first sub-cubic algorithm for rectangular annulus for arbitrary orientation.
Introduction
The problem of enclosing a planar point set P = {p 1 , p 2 , . . . , p n } by a minimum sized geometric object such as circle [15] , rectangle [17] , square and triangle [14] have been well studied in computational geometry. In some cases, the enclosing object is orientation-invariant, that is, the region bounded by the object remains same under rotation (for example circle). However, if the enclosing object is orientation-dependent, then it becomes difficult to compute the optimal orientation over all possible orientations.
Finding geometric objects that fit nicely to a set P of n planar points is an important objective in the study of computational metrology [12] . If the object is a circle, the geometric fitting problem is equivalent to the problem of computing a minimum width annulus that contains P . In mathematics, an annulus is a ring-shaped geometric figure, or more generally, it is the area between two concentric circles. Minimum width annulus problem computes two concentric circles such that all planar points of P are contained by the annulus thus formed and the difference of the two radii is minimum. Wainstein [18] and Roy et al. [16] independently propose O(n 2 ) time algorithm to find a minimum width annulus. Ebara et al. [11] prove that the center of the optimal annulus is either a vertex of the closest-point Voronoi diagram of P , or a vertex of the farthest-point Voronoi diagram, or an intersection point of a pair of edges of the two diagrams. Based on this observation, they propose an O(n 2 ) time algorithm. One can develop simple O(n log n + k) time algorithm for computing minimum width annulus where k is the number of these intersections. Agarwal et al. [7] consider an important variant of minimum width annulus problem. Given the radius r of the outer (or inner, or median) circle enclosing the point set, both of these works independently compute the minimum width circular annulus in O(n log n) time. For a set P of n points in the Euclidean plane, Díaz-Báñez et al. [9] consider the problem of computing an empty annulus A of largest width inside a bounded region containing point set P . Their proposed algorithm finds an empty annulus A in O(n 3 log n) time and O(n) space. Other variations of minimum width annulus problem depend on the shape of the geometric object as well as the distance metric used to compute the width of an annulus. Barequet et al.
[6] define δ-annulus of a convex polygon Q as the closed region such that all planar points set P are at distance at most δ from the boundary of polygon Q. Given a convex polygon Q with m vertices and a distance δ, they propose an O(n 3 log(mn) + m) time and O(m + n) space algorithm to compute a δ-annulus of arbitrary orientation that contains maximum number of points from P . Considering l 1 as the distance metric, Gluchshenko et al.
[13] present an optimal O(n log n) time algorithm to compute an axis-parallel rectilinear annulus of minimum width that encloses the planar point set P . The reader is referred to [5, 2, 8] for further study and applications.
Based on the motivation of the above studies, we consider the problem of minimum width rectangular annulus which we define in Section 2 along with some notations. Section 3, considers rectangular annulus of fixed orientation. In Section 4, we compute the minimum width annulus of arbitrary orientation.
Problem Definition and Notations
Let P = {p 1 , p 2 , . . . , p n } be set of n points lying in the euclidean plane. CH(P ) denotes the convex hull of the point set P . d(p i , p j ) denotes the distance between points p i and p j . The perpendicular distance between p i and a line or a line segment s is termed d(p i , s) .
A rectangle (of fixed orientation) in the plane is called minimum enclosing rectangle (MER) if it contains all the members of P and no other smaller rectangle of such orientation can enclose it. Observe that each of the four sides of a MER must contain at least one point of P and the points defining that MER are the points from CH(P ). Two rectangles are said to be parallel if each side of one rectangle is parallel to a side of the other. Center of a rectangle is the intersection point of its diagonals. bd(R) and int(R) denote the boundary and interior of a rectangle R respectively. Consider two mutually parallel rectangles R and R where R ⊂ R. The region A = R \ int(R ) bounded by these two rectangles is defined as the rectangular annulus for a point set P where P lies in the rectangle R but does not lie in int(R ). Larger and the smaller rectangles of an annulus will be denoted as outer and inner rectangles respectively. From now on, the terms rectangular annulus and annulus will be used interchangeably and moreover they will enclose the point set P .
In our work, the sides of the rectangles corresponding to an annulus may not be axis-parallel. A line/line-segment is said to be of orientation θ if it makes an angle θ with the positive direction of the x-axis. The function d (p, q, θ) is the perpendicular distance between a pair of θ-oriented parallel lines passing through
